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In this paper it is shown how to obtain, without ever using the background classical equations of
motion, a simple second order Hamiltonian involving the Mukhanov-Sasaki variable describing quan-
tum linear scalar perturbations for the case of scalar fields with arbitrary potentials and arbitrary
spacelike hyper-surfaces. It is a generalization of previous works, where the scalar field potential
was absent and the spacelike hypersurfaces were flat. This was possible due to the implementation
of a new method, together with the Faddeev-Jackiw procedure for the constraint reduction. The re-
sulting Hamiltonian can then be used to study the evolution of quantum cosmological perturbations
in quantum backgrounds.
PACS numbers: 98.80.Es, 98.80.-k, 98.80.Jk
I. INTRODUCTION
The usual theory of cosmological perturbations, with
their simple equations, relies essentially on the assump-
tions that the background is described by pure classi-
cal General Relativity, while the perturbations thereof
stem from quantum fluctuations. It is a semiclassical ap-
proach, where the background is classical and the pertur-
bations are quantized, and the fact that the background
satisfies Einstein’s equations is heavily used in the sim-
plification of the equations.
The next and more fundamental conceptual step is to
consider the more general situation where quantum ef-
fects are present already on the background geometry.
In this regime, the usual semi-classical treatment of cos-
mological perturbations is no longer valid. Even though
quantizing simultaneously the homogeneous background
and their linear perturbations is still far from the full the-
ory of quantum gravity, one can consider the inclusion of
quantum effects in the dynamics of the background ho-
mogeneous model as an important improvement to the
usual semi-classical approach [1]. Note, however, that
this program prevent us from using the classical back-
ground equations, as it is usually done, to turn the full
second order action into a simple treatable system.
Notwithstanding, it has already been shown that it is
possible to simplify the Einstein-Hilbert action through
canonical transformation techniques for a barotropic per-
fect fluid and scalar fields without potential in a flat spa-
tial section Friedmann model [2–4]. In these frameworks,
the Hamiltonian constraint of General Relativity up to
second order was put in the form H = H(0)+H(2), where
H(0) is the backgroundHamiltonian constraint whileH(2)
is the Hamiltonian constraint for the perturbations. The
natural and more general way to Dirac quantize the the-
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ory is to impose the annihilation of the wave functional
by the full Hamiltonian constraint H, Hˆ|Ψ >= 0, which
imposes a quantization of the background and perturba-
tions. Due to the simplifications obtained, it was possible
to solve the quantum equations for the background and
perturbations in many circumstances, and calculate their
observational consequences.
The scenarios obtained describe cosmological pertur-
bations of quantum mechanical origin evolving in a
non-singular homogeneous and isotropic background, in
which quantum effects replace the usual classical singu-
larity by a bounce. The physical properties of these cos-
mological models were analyzed in many papers [5–12],
and they proved to be complementary or even compet-
itive with usual inflationary models as long as they are
capable to lead to almost scale invariant spectra of long-
wavelength cosmological perturbations.
The aim of this paper is to improve the previous for-
malism and to extend the known results to a scalar field
with arbitrary potential in a Friedmann background with
arbitrary spacelike hyper-surfaces. In order to carry out
this work, we use the same techniques of Ref. [13]: we im-
plement a set of variable transformations along with the
Faddeev-Jackiw [14, 15] reduction method, rather than
the Dirac formalism. The resulting action and Hamil-
tonian up to second order then become very simple and
suitable for canonical quantization.
Besides the motivation related to the quantization pro-
cedure, our choice of variables used to write down the
second order Lagrangian simplifies significantly the cal-
culations involved. This simplification allows us to obtain
all expressions without choosing a gauge. This is an im-
portant advantage since we have shown in Ref. [16] that
the choice of a gauge implies an additional assumption
that the perturbations should remain small in this gauge.
The paper is organized as follows: in the next section
we define some relevant geometrical objects and settle
down the notation and conventions. In Section III we
review the methods to obtain the second order gravita-
tional Lagrangian for geometrical perturbations around
a homogeneous and isotropic geometry with arbitrary
2spacelike hyper-surfaces, while in Section IV we obtain
the second order matter Lagrangian for a canonical scalar
field with arbitrary potential. All the results are obtained
without assuming the validity of the background Ein-
stein’s equations. In Section V we combine the results
of Sections III and IV in order to obtain the full simpli-
fied general relativistic action up to second order terms,
and its resulting full simplified Hamiltonian constraint
in the desired form H = H(0) +H(2), ready to be Dirac
quantized. We end up with the conclusions.
II. GEOMETRY AND SPACETIME FOLIATION
The present paper follows closely the definitions and
terminologies used in [13] but, for sake of completeness,
we shall briefly define some relevant geometrical objects
and fix our notation.
The spacetime Lorentzian metric gµν has signature
(−1, 1, 1, 1) and the covariant derivative compatible with
this metric is represented by ∇µ, i.e., ∇αgµν = 0.
We define the foliation of the spacetime through a nor-
malized timelike vector field vµ normal to each spatial
section (vµvµ = −1). The foliation induces a metric in
the hyper-surfaces as γµν = gµν + vµvν which projects
non-spatial vectors into the hyper-surfaces.
For an arbitrary tensor Mν1...νkµ1...µm the projector is de-
fined as
γ
[
Mν1...νkµ1...µm
] ≡ γ α1µ1 . . . γ αmµm γν1β1 . . . γνkβkMβ1...βkα1...αm ,
and we shall call a spatial object any tensor that is
invariant under this projection, i.e. γ
[
Mν1...νkµ1...µm
]
=
Mν1...νkµ1...µm .
The covariant derivative compatible with the spatial
metric γµν is
DαMµ1...µm
ν1...νk = γ [∇αMµ1...µmν1...νk ] . (1)
from which we can define the spatial Riemann curvature
tensor as
RµναβAβ ≡ [DµDν −DνDµ]Aα, (2)
with Aα an arbitrary vector field. The spatial Laplacian
is represented by the symbol D2, i.e., D2 ≡ DµDµ, and
we denote the contraction with the normal vector field
vµ with a index v, e.g., Mαv ≡Mαβvβ .
The derivative of the velocity field defining the foliation
can be decomposed as
∇µvν = Kµν − vµaν , (3)
with the acceleration and the extrinsic curvature defined
respectively as aµ ≡ vγ∇γvµ and Kµν ≡ γ [∇µvν ]. In
addition, from the extrinsic curvature we define the ex-
pansion factor and the shear 1 as
Θ ≡ Kµµ, σµν ≡ Kµν − Θ
3
γµν . (4)
In what follows we are going to study perturbations
of the metric tensor, hence, we are impel to distinguish
between the actual physical metric gµν and a given fidu-
cial background metric g¯µν that can be used as reference.
We shall also assume that the physical metric gµν can be
seen as close to the fiducial metric in the sense that their
difference δgµν = gµν− g¯µν can be treated perturbatively
(see [16] for details).
The background and the perturbed tensors shall have
their indices always raised and lowered by the back-
ground metric. Therefore, we must distinguish between
the object formed by raising the indices of δgµν and the
difference between the inverse metric and its background
value i.e. δgµν ≡ gµν − g¯µν . To avoid any possible con-
fusion, we define the tensor ξµν and its covariant form
as
ξµν ≡ gµν − g¯µν , ξµν ≡ g¯µαg¯νβξαβ , (5)
which will always describe the perturbations of the metric
tensor.
The covariant derivative compatible with the back-
ground metric is represented by the symbol s∇ or by a
semicolon “ ; ”, i.e. g¯µν;γ ≡ s∇γ g¯µν = 0.
Using a background foliation described by the normal
vector field v¯µ, we can again define the background pro-
jector γ¯µν , spatial derivative sDµ and the background spa-
tial Riemann tensor sRµναβ in the same way we have done
for objects derived from the foliation of the physical man-
ifold.
We use the symbol “‖” to represent the background
spatial derivative, i.e., T‖µ ≡ sDµT for any tensor T . Fi-
nally, we define the dot operator of an arbitrary tensor
as
M˙µ1...µm
ν1...νk ≡ γ¯ [£v¯Mµ1...µmν1...νk ] . (6)
III. GRAVITATIONAL ACTION
In order to have a linear dynamical system, we must
expand its associated action functional at least to second
order in the perturbations. In [13], we have performed
the simplification of the second order action considering
a system composed of gravity and a generic perfect fluid
as its matter content.
The full simplification can be completed only once we
consider simultaneously the gravitational and the matter
1 The Frobenius theorem guaranties that for a global spatial sec-
tioning the normal field satisfy v[α∇µvν] = 0, which can be
expressed as ∇[µvν] = a[µvν]. Therefore, for a global spatial
sectioning the vorticity is null, i.e., K[µν] = 0.
3sector. Notwithstanding, the coupling between matter
and gravity occurs only in the matter Lagrangian. As a
result, a great amount of work in the perturbative expan-
sion of the gravitational sector can be done independently
from the perturbative expansion of the matter fields.
Accordingly, much of the work in the expansion of the
gravitational sector has already been done in [13]. Here
we shall reproduce only its essential steps without lack of
clarity for the reader inasmuch as the same technique will
be used in detail for the scalar field matter Lagrangian
in section IV .
As it is well known, the pure gravitational part of the
action reads
Sg =
∫
d4xLg , Lg ≡
√−gR
2κ
, (7)
where κ = 8piG/c4, G is the gravitational constant, c the
speed of light and R is the curvature scalar. The expan-
sion in the curvature tensor induced by Eq. (5) can be
described by a tensor Fµνα that is defined as the differ-
ence between the covariant derivative of the perturbed
and of the background metrics, i.e.
(∇µ − s∇µ)Aν = FµνβAβ ,
Fαβγ = −g
γσ
2
(gσβ;α + gσα;β − gαβ;σ) . (8)
Let us re-emphasize that a semicolon represents covariant
derivative with respect to the background metric. Thus,
even though we have a Riemannian physical manifold,
in general gαβ;σ 6= 0. Making use of this tensor we can
construct two covectors as
Faα ≡ Fναν = −ξ;α
2
, (9)
Fbµ ≡ g¯αβFαβµ = −ξµσ ;σ + ξ;µ
2
. (10)
The physical Riemann tensor associated with gµν can
be written in terms of the background Riemann tensor
sRµνα
β related to g¯αβ as
Rµνα
β = sRµνα
β + 2Fα[νβ ;µ] + 2Fα[µγFν]γβ . (11)
Thus, the expansion of the curvature scalar up to second
order reads
R ≈ sR + sRµαδgµα + (Faµ −Fbµ);µ + FbµFaµ
−FµναFµαν + (Faν;µ −Fµνγ ;γ)δgµν ,
(12)
with sR and sRµα being respectively the scalar curvature
and the Ricci tensor of the background.
A. Second Order Gravitational Lagrangian
The above expansion Eq. (12) shows that with respect
to the tensor Fµνα the second order Lagrangian assumes
a simple and compact form. Indeed, ignoring a surface
term, the gravitational Lagrangian decomposes in three
terms as
Lg = sLg + δL(1)g + δL(2)g . (13)
The background and the first order terms are given by
sLg =
√−g¯
sR
2κ
, δL(1)g = −
√−g¯
2κ
sGµνξ
µν , (14)
with sGµν being the background Einstein tensor. The
second order Lagrangian can be split in a kinetic term
δL(2)gk that includes derivatives of the perturbations and
a potential term δL(2)gU without their derivatives. These
terms read
δL(2)gk =
√−g¯
2κ
[FµνγFγ(µν) −FaµFbµ] , (15)
δL(2)gU =
√−g¯
2κ
[
sGµν +
g¯µν
4
sR
]
ξµα
[
ξαν − g¯
ανξ
2
]
. (16)
Regardless of the compact and elegant form of the
above expression, the perturbed degrees of freedom are in
fact encoded in the perturbations of metric tensor. Thus,
we need to express the Fµνγ tensor in terms of the per-
turbed kinematic parameters associated with the spatial
slicing. For a given background foliation v¯µ, the metric
perturbation can be decomposed as
ξµν = 2φv¯µv¯ν + 2B(µv¯ν) + 2Cµν , (17)
where by construction
φ ≡ 1
2
ξv¯v¯, B
µ ≡ γ¯ [ξv¯µ] ,
Cµν ≡ γ¯ [ξµν ]
2
, C ≡ ξµν γ¯
µν
2
.
Besides, we can continue the decomposition in terms
of their tensorial nature. By taking into account the de-
composition in terms of scalar, vector and tensor objects
(see [17]) we are able to write them as
Bµ = B‖µ + Bµ,
Cµν = ψγµν − E‖µν + F(ν‖µ) +Wµν ,
which should be traceless Wµ
µ = 0 and divergence free
B
µ
‖µ = F
µ
‖µ = Wµ
ν
‖ν = 0. In terms of this decomposi-
tion, the perturbation in the expansion factor translate
into
δΘ = sD2δσs + sΘφ+ 3ψ˙, (18)
and the perturbed shear tensor
δσµν =
(
sD(µ sDν) −
γ¯µν sD
2
3
)
δσs + δσv(ν‖µ) + W˙µ
αγ¯αν ,
(19)
where we have defined
δσs ≡
(
B − E˙ + 2
3
sΘE
)
, δσvα ≡ Bα + F˙α. (20)
4The perturbed spatial Ricci tensor for this foliation is
γ¯
[
δRµv¯
]
= 0,
γ¯ [δRv¯ν ] = −2 sK[B‖ν + Bν ],
γ¯ [δRµν ] = −ψ‖µ‖ν − γ¯µν [ sD2 + 4 sK]ψ − [ sD2 − 2 sK]Wµν ,
δR = −4 sD2Kψ,
where we have defined the operator sD2K ≡ sD2 + 3 sK.
The detailed calculation of these quantities for a gen-
eral background and for a Friedmann background can
be found at Appendix A and Section IIIA of Ref. [13],
respectively. There the calculations were done for an ar-
bitrary background and without fixing the spatial hyper-
surfaces, hence, the slicing of the physical manifold need
not be the same as the background spatial hypersurfaces.
The only assumption was that both spatial sectioning
were global and the background foliation is geodesic, i.e.,
v¯µ s∇µv¯ν = 0. However, when applying for a Friedmann
background we considered the same foliation for the kine-
matic variables where the fields vµ and v¯µ differ only by
their normalization2.
As we have shown in [13], one can expand the grav-
itational action up to second order without the need
to impose any symmetry for the background foliation.
The full procedure is however very involved. In con-
trast, if we assume that the background is a Friedmann-
Lemaˆıtre-Robertson-Walker (FLRW) universe, the grav-
itational second order Lagrangian in terms of these quan-
tities reads
δL(2)g = δL(2,s)g + δL(2,v)g + δL(2,t)g ,
where each represents one of the independent sectors,
namely, the scalar, vector and tensorial. Explicitly, they
are respectively
δL(2,s)g√−g¯ =
1
3κ
(
sD2δσs sD2Kδσ
s − δΘ2)
+
(
ψ
2
− φ
)
δR
2κ
+
sGv¯v¯
2κ
(BγB
γ − φ2 − 2Cφ)
+
sGµν g¯
µν
6κ
(2Cγ
νCν
γ − C2), (21)
δL(2,v)g√−g¯ =
δσv(α‖ν)δσ
v(α‖ν)
2κ
, (22)
δL(2,t)g√−g¯ =
W˙ν
γW˙γ
ν +Wµ
ν( sD2 − 2K)Wνµ
2κ
. (23)
IV. SCALAR FIELD ACTION
In close analogy with the perturbation procedure de-
velop for the gravitational sector, we shall now perturb
2 For more details see also the discussion in the beginning of Ap-
pendix B of [13]
the matter Lagrangian up to second order. We will con-
sider the case where the matter content is described by
a real scalar field with an arbitrary algebraic potential
U (ϕ). The action for a scalar field with potential reads
Sm =
∫
d4x
√−g
(∇αϕ∇αϕ
2
+U (ϕ)
)
. (24)
It is straightforward to show that its energy momen-
tum tensor can be written as
Tµν ≡ −2√−g
δSm
δgµν
,
= ∇µϕ∇νϕ− gµν
(∇αϕ∇αϕ
2
+U (ϕ)
)
.
(25)
As a matter of consistency, the energy-momentum ten-
sor must be compatible with the symmetries of the space-
time metric. Thus, by considering the FLRW universe as
the background structure, it follows that the given pro-
jection of the energy-momentum tensor must be zero
γ
[
sTµ
v
]
= ˙¯ϕ sDµϕ¯ = 0, (26)
where ϕ¯ is the background scalar field, such that, δϕ ≡
ϕ − ϕ¯ defines the perturbation on ϕ¯. This restriction
implies that sDµϕ¯ = 0. In this manner, we can rewrite
the derivative of the background field as s∇µϕ¯ = −v¯µ ˙¯ϕ.
The background energy momentum tensor is then
sTµν = ρ¯v¯µv¯ν + p¯γµν , ρ¯ ≡
˙¯ϕ2
2
+ sU, p¯ ≡ ˙¯ϕ
2
2
− sU, (27)
where sU ≡ U (ϕ¯). An expansion of the components of
the energy-momentum tensor shows that its perturbed
quantities are given by
δρ = ˙δϕ ˙¯ϕ+ φ ˙¯ϕ2 +Uϕ¯δϕ, (28)
δp = ˙δϕ ˙¯ϕ+ φ ˙¯ϕ2 −Uϕ¯δϕ, (29)
Vµ = −
sDµδϕ
˙¯ϕ
, δΠµ
ν = 0, (30)
where Uϕ¯ means Uϕ¯ =
∂U
∂ϕ
∣∣∣
ϕ¯
. Using a power expansion
in the perturbed variables, we can separate the matter
action order by order in the perturbations,
Sm = sSm + S
(1)
m + S
(2)
m ,
with
sSm =
∫
d4x
√−g¯
(
s∇αϕ¯s∇αϕ¯
2
+ sU
)
, (31)
S(1)m =
∫
d4y
(
ĎδS
δϕ
δϕ+
√−g¯
2
sT µνξµν
)
, (32)
S(2)m =
∫
d4xδL(2)m , (33)
where the over line in the variations means that these
expression are evaluated at the background fields, i.e.,
(ϕ¯, g¯µν).
5A direct calculation shows that the second order La-
grangian δL(2)m can be decomposed in four terms δL(2)m =
δL(2,1)m +δL(2,2)m +δL(2,3)m +δL(2,4)m , which are respectively,
δL(2,1)m =
∫
d4y
√
−g¯(y)
ĞδT µν(y)
δϕ(x)
δϕ(x)ξµν (y)
2
, (34)
δL(2,2)m =
∫
d4y
√
−g¯(y)
ĞδTαβ(y)
δgµν(x)
ξµν(x)ξαβ(y)
4
, (35)
δL(2,3)m =
1
8
√
−g¯(x) sTαβ(x)ξ(x)ξαβ(x), (36)
δL(2,4)m =
∫
d4y
Ğδ2Sm
δϕ(x)δϕ(y)
δϕ(x)δϕ(y)
2
, (37)
with ξ ≡ ξµν g¯µν .
Combining all these contributions, the second order
matter Lagrangian reads
δL(2)m = lgϕ + lϕ −
√−g¯ (BµBµ − φ2 − 2Cφ) ρ¯
2
−√−g¯ [2CµνCµν − C2] p¯
2
,
(38)
where we have combined in lgϕ terms that mix metric
perturbations with δϕ and in the lϕ terms that are simply
quadratic in the latter, i.e.
lgϕ√−g¯ ≡ φδρ+ Cδp−
(
BµV
µ +
φ2
2
+ Cφ
)
˙¯ϕ2, (39)
lϕ√−g¯ ≡
1
2
(
˙δϕ
2 − sDµδϕ sDµδϕ−Uϕ¯ϕ¯δϕ2
)
. (40)
Note that the specific combination of perturbed fields of
the last two parts of Eq. (38) also appears in Eq. (21).
When we combine them in the full second order La-
grangian, their sum forge terms that are proportional to
the background dynamical equations, namely the time-
time and the space-space Einstein’s equations.
These particular expressions and the background equa-
tions of motion will repeatedly appear in our subsequent
calculations. Therefore, it is convenient to define the fol-
lowing quantities
Eϕ¯ ≡ ¨¯ϕ+ ˙¯ϕsΘ+Uϕ¯,
Ev¯ ≡ sGv¯v¯ − κρ¯,
Eγ¯ ≡
sGµν γ¯
µν
3
− κp¯,
Eg¯ ≡ Ev¯ + Eγ¯ = s˙Θ+ 3κ
˙¯ϕ2
2
− 3 sK.
The suitable calculation needed to simplify the per-
turbed action contains a lot of terms and can become
unmanageable. Thus, every change of variable that sim-
plifies the expressions are in fact crucial. In this spirit, we
shall make two changes of variable that seems devoided
of physical significance. They should be viewed only as
an intermediary step that simplifies the equations. Thus,
we define
V ≡ −δϕ
˙¯ϕ
, ψt ≡ C
3
= ψ − 1
3
sD2E .
Using the variables defined above and the others de-
fined in Eqs. (18)-(20) and (28)-(30), the expression for
lgϕ changes to
l∗gϕ√−g¯ = δΘ ˙¯ϕ
2V + 3ψtV ˙¯ϕEϕ¯, (41)
where we discarded the surface term ∂ct(3ψ
t
√−g¯ ˙¯ϕδϕ).
Applying the same reasoning to lϕ we obtain
l∗ϕ√−g¯ =
(
δρ− sΘ ˙¯ϕ2V)2
2
+
V2
2
(
˙¯ϕ2Eg¯ −Uϕ¯Eϕ¯
)
+
+
˙¯ϕ2
2
(
V sD2KV −
3κ ˙¯ϕ2V2
2
)
,
(42)
where we discarded the term ∂ct(
√−g¯δϕ2(Uϕ¯/ ˙¯ϕ+ sΘ)/2).
The symbol ∗ in the expressions above means that we
have removed from lϕ and lgϕ the terms which cancel
out in the sum, i.e., lϕ + lgϕ = l
∗
ϕ + l
∗
gϕ.
The terms proportional to Eϕ¯ and Eg¯ in the above
equations can be eliminated without assuming the valid-
ity of the background equations of motion. As discussed
in [13], it is legitimate to redefine our basic perturbed
variables by adding second order terms to them.
In this way, we redefine for instance the variable φ
into a new variable φnew in such a way that φnew = φ +
δf with δf being a certain combination of second order
perturbations. Note that, by construction, both variables
agree at first order and are different only at second order.
Thus, this kind of transformation changes only the sec-
ond order part of the Lagrangian by adding a new term
coming from the first order part in the old variables. The
fact that it comes from the first order Lagrangian makes
them proportional to the background equation of motion
2κδL(1)(φ)√−g¯ ≈
2κδL(1)(φnew)√−g¯ + 2Ev¯δf.
We shall profit from this freedom in defining the per-
turbed variables and cancel the terms proportional to Eϕ¯
by redefining the V variable as
V → V + 1
2
Uϕ¯V2 − 3ψtV ˙¯ϕ. (43)
The terms proportional to Eg¯ can also be discarded
in a very similar way, but for that we have to use the
full second order Lagrangian as we shall show in the next
section. For the moment, the second order matter La-
grangian becomes
δL(2)m = δL(2)m,eff +
√−g¯
[
V2
2
(ρ¯+ p¯)Eg¯
− (BµBµ − φ2 − 2Cφ) ρ¯
2
− (2CµνCµν − C2) p¯
2
]
,
(44)
6where the effective matter Lagrangian is expressed by
δL(2)m,eff√−g¯ =
(
δρ− sΘ ˙¯ϕ2V)2
2
+ δΘ ˙¯ϕ2V
+
˙¯ϕ2
2
(
V sD2KV −
3κ ˙¯ϕ2V2
2
)
.
(45)
V. FULL SECOND ORDER ACTION
In the last two sections we have developed the per-
turbative expansion of the action up to second order in-
dependently for the gravitational and the matter parts.
This was advantageous due to the extensive number of
variables. However, we shall now combine them to deal
with the full second order Lagrangian for the scalar sector
in order to conclude the simplification procedure. Group-
ing δL(2) = δL(2,s)g +δL(2)m coming respectively from equa-
tions Eq. (21) and (44) we have
δL(2)√−g¯ =
1
3κ
[
sD2δσs sD2Kδσ
s −
(
δΘ− 3κ ˙¯ϕ
2V
2
)2]
+
(
δρ− sΘ ˙¯ϕ2V)2
2
+
(
ψ
2
− φ
)
δR
2κ
+
˙¯ϕ2
2
V sD2KV +
Ev¯
2κ
(
BγB
γ − φ2 − 2Cφ)
+
Eγ¯
2κ
(
2Cγ
νCν
γ − C2)+ V2
2
˙¯ϕ2Eg¯. (46)
The last three terms can be discarded with the same
kind of transformation we have used to eliminate the Eϕ¯
in Eqs. (41)-(42). This simplification can be implemented
by the following change of variables
φ→ φ+ ˙¯ϕ
2
2
V2, Cµν → Cµν +
˙¯ϕ2
2
V2 γ¯µν . (47)
Notice that we can remove the terms proportional to
the background field equations even if these equations
are not valid, i.e. Eϕ¯ 6= 0, Ev¯ 6= 0 and Eγ¯ 6= 0. In
general, any term linearly proportional to the background
equations appearing in the second order action can be
removed with this kind of transformation. The first order
total Lagrangian can be written as
2κδL(1)g√−g¯ = −
[
sGµν − κ sT µν] ξµν = −2φEv¯−2CEγ¯ . (48)
Thus, the prescription to remove these terms is as follows.
Any term in the second order Lagrangian that is linear
in the E’s can be written as
Q(1)Ev¯ +Q
(2)µν γ¯µνEγ¯ +Q
(3)Eg¯ +Q
(4)Eϕ¯,
with Q(1), Q(2)µν , Q(3) and Q(4) are arbitrary second
order tensor fields. These terms can be removed by im-
plementing the transformations
φ → φ− Q
(1)
2
−Q(3), (49)
Cµ
ν → Cµν − 1
2
Q(2)µ
ν − 1
3
Q(3)γ¯µ
ν , (50)
V → V −Q(4). (51)
Henceforth, any term linear in the background equa-
tions appearing in the second order Lagrangian will be
discarded by using the appropriate transformation as de-
scribed above.
Nevertheless, even after removing the background
equations, the δL(2) given by Eq. (46) is still not in its
most compact form. One should note, for instance, that
two of the perturbed variables, namely φ and B, do not
appear with time derivatives. Indeed, they play the role
of Lagrange multipliers. This fact becomes evident when
we perform the Legendre transformation to go to the
Hamiltonian formalism. In addition, this transition nat-
urally leads us to define new variables that will simplify
the physical description of the system.
Thus, instead of introducing a non-evident change of
variables in the Lagrangian scenario, we shall now follow
the procedure to go from a Lagrangian to a Hamiltonian
formalism which will result in the simplest and final form
of the second order action.
At the present stage, it seems that there are five vari-
ables to describe the scalar perturbations (φ,B,V , ψt, E).
However, as just mentioned, the canonical momentum
associated with φ and B will result in constraint equa-
tions.
To deal with these constraints we shall follow the pro-
cedure developed in [14, 15]. This formalism is com-
pletely equivalent to Dirac’s [18, 19] but has the ad-
vantage of being less laborious. Their crucial difference
is that we shall implement the Legendre transformation
only to those variables that we can complete the method
without generating constraint equations.
Accordingly, the canonical momenta associated with
ψt, E and V are
Πψt = −2
√−g¯
κ
(
δΘ− 3κ ˙¯ϕ
2
2
V
)
, (52)
ΠE = −2
√−g¯δσ
3κ
, (53)
ΠV = −
√−g¯ (δρ− sΘ ˙¯ϕ2V) . (54)
These relations can be inverted to give
ψ˙t =
1
3
(
3κ ˙¯ϕ2
2
V − κΠψt
2
√−g¯ −
sΘφ− sD2B
)
, (55)
∂ct
(
sD2E) = 3κ
2
√−g¯
sD2ΠE + sD
2B, (56)
V˙ = ΠV√−g¯ ˙¯ϕ2 + φ−
Eϕ¯
˙¯ϕ
V . (57)
7By performing the Legendre transformation only to these
variables we obtain
δL(2) = Πψt ψ˙t + sD2KΠE∂ct
(
sD2E)+ΠV V˙ − δH(2),
with
δH(2) = Π
2
V
2
√−g¯ ˙¯ϕ2 −
κΠ2ψt
12
√−g¯ +
3κ sD2ΠE sD
2
KΠE
4
√−g¯
−
√−g¯
2κ
ψ
2
δR+ κ ˙¯ϕ
2
2
ΠψtV
−
√−g¯ ˙¯ϕ2
2
V sD2KV −
Eϕ¯
˙¯ϕ
ΠVV
+ φ
[
ΠV −
sΘΠψt
3
+
√−g¯ δR
2κ
]
+ B sD2
[
sD2KΠE −
Πψt
3
]
.
Once again, the term in the above second order Hamil-
tonian that is proportional to Eϕ¯ can be eliminated by
a redefinition of V similarly to Eq. (43). In addition,
we can now fully recognize that φ and B are indeed
pure Lagrange multipliers since there is no time deriva-
tive of these variables and they appear only linearly in
the Lagrangian. Requiring the action to be stationary
with respect to these variables impose constraint rela-
tions among the remaining canonical variables3
ΠV =
sΘΠψt
3
−√−g¯ δR
2κ
= 0, Πψt = 3 sD
2
KΠE . (58)
These relations show us that there is only one indepen-
dent canonical momentum that could for instance be
taken as ΠE . However, combining the above constraints
we see that
ΠV =
2
√−g¯
κ
sD2K
(
ψ +
sΘκ
2
√−g¯ΠE
)
,
which suggests us to define the following momentum
Ψ ≡ ψ +
sΘκ
2
√−g¯ΠE = ψ +
sΘ
3
δσs. (59)
Note that this quantity is exactly one of the gauge in-
variant variables originally introduced by Bardeen [21]
and commonly used in the gauge invariant approach. In
terms of this new momentum and using the above con-
3 The Laplace-Beltrami operator sD2 has a unique inverse in the
case of a definite signature metric and if the manifold is compact
or if its domain is composed of only rapidly decaying functions
that go to zero at infinity, (see [17] and [20]).
straints we have
Πψtψ˙t + sD
2
KΠE∂ct
(
sD2E)+ΠV V˙
=
6
√−g¯
κsΘ
sD2KΨU˙ −
√−g¯
4κ
[
1− 3
s˙Θ
sΘ2
]
ψδR
− 2
√−g¯
κsΘ
sD2KΨ
s˙ΘV ,
plus a surface term that we have neglected, where U ≡
ψ + sΘV/3. We can identify in the above expression that
the generalized velocity associated with the canonical
momentum Ψ is not just ψ˙ nor V˙ but the variable U . In
terms of these new variables the second order Lagrangian
reads
δL(2) = 6
√−g¯
κsΘ
sD2KΨ U˙ − δH(2),
where now
κδH(2)√−g¯ =
2 sD2Ψ sD2KΨ
κ ˙¯ϕ2
+
6 sK
κ ˙¯ϕ2
(
s˙Θ
sΘ2
+ 1
)
Ψ sD2KΨ
− 9κ ˙¯ϕ
2
2sΘ2
(
U − 2
sK
κ ˙¯ϕ2
Ψ
)
sD2K
(
U − 2
sK
κ ˙¯ϕ2
Ψ
)
+ Eg¯
(
3ψ sD2Kψ
sΘ2
+
2V sD2KΨ
sΘ
− 6
sK
sΘ2κ ˙¯ϕ2
Ψ sD2KΨ
)
.
Once again, the last term being proportional to the
background equations Eg¯ can be discarded with a change
of variables. We also note that the variable U appears
only in a specific combination. Thus, we can define a new
perturbed variable
ζ ≡ U − γ1Ψ, γ1 ≡ 2
sK
κ ˙¯ϕ2
. (60)
As a final simplification, we re-write the term propor-
tional to Ψ sD2KΨ as
6 sK
κ ˙¯ϕ2
(
s˙Θ
sΘ2
+ 1
)
Ψ sD2KΨ
= − 3∂ct√−g¯
[√−g¯
sΘ
γ1Ψ sD
2
KΨ
]
+
6Ψ sD2K∂ct(γ1Ψ)
κsΘ
− 6
(
Uϕ¯
˙¯ϕ
− Eϕ¯
˙¯ϕ
)
γ1
Ψ sD2KΨ
sΘ
.
This term modifies the generalized velocity associated
with Ψ by including precisely the term to transform U˙
into ζ˙. Therefore, after neglecting another surface term
and performing a final change of variables to remove the
term proportional to Eϕ¯ we have that the second order
Lagrangian reads
δL(2) = 6
√−g¯
κsΘ
sD2KΨ ζ˙ − δH(2), (61)
8with the unconstrained Hamiltonian δH(2) given by
δH(2) =
√−g¯
κ
[
2 sD2γΨ sD
2
KΨ
κ ˙¯ϕ2
− 9κ ˙¯ϕ
2
2sΘ2
ζ sD2Kζ
]
, (62)
sD2γ ≡ sD2 − γ2, γ2 =
6 sKUϕ¯
˙¯ϕsΘ
. (63)
The above result completes our goal. We have suc-
ceeded in obtaining the simplest form of the second order
action without ever using the background field equations.
As expected, the scalar sector of the second order action
has only a single degree of freedom that combines in a
specific manner the gravitational and the matter pertur-
bations.
A careful reader might have noticed that while con-
structing the second order Hamiltonian (62) we have
performed the Legendre transformations only in the per-
turbed variables.
In usual perturbative schemes, one normally use the
background fields equations, hence, the first order La-
grangian vanishes automatically. However, inasmuch we
have nowhere assumed the validity of the background
equations of motion, this part still remains. Notwith-
standing, we can also avoid this kind of complication by
a simple redefinition of the background variables.
Once we have arrived at the Lagrangian given by
Eq. (61), we can proceed to construct the zero order
Hamiltonian by defining
Πa =
∂L(0)
∂a˙
, Πϕ¯ =
∂L(0)
∂ ˙¯ϕ
.
In general, in addition to the zero and second order
terms, the full action still contains first order terms.
There are different approach to deal with such terms as
we have discussed in [13]. In this work we let this issue
aside as our main objective is to build the second order
terms without enforcing the classical background motion
equations. Hence, ignoring the first order terms, the final
result is
L = Πaa˙+Πϕ¯ ˙¯ϕ
+
6
√−g¯
κsΘ
∫
d3x sD2KΨζ˙ −H(0) −
∫
d3xδH(2),
with
H(0) = Π
2
ϕ¯
2a3V˜
− κΠ
2
a
12V a
− 3V˜ aK˜
κ
, (64)
where V˜ is the comoving volume and K˜ ≡ a2 sK the co-
moving spatial curvature. The Poisson structure of this
system is given by the expressions
{a, Πa} = 1, {ϕ¯, Πϕ¯} = 1,
{ζ(x), Πζ(y)} = δ3 (x− y) , any other is zero .
The Lagrangian given by Eq. (61) and Eq. (62) is first
order in time derivatives. If desired, one can obtain a sec-
ond order time derivative Lagrangian by recovering the
relation between ζ˙ and Ψ, hence, by varying the action
with respect to the latter, i.e.,
Ψ =
3κ ˙¯ϕ2
2sΘ
sD−2γ ζ˙ . (65)
Substituting the above result back in Eq. (61) we have
δL(2) = 1
2κ
[
ζ˙ sD2K
sD−2γ ζ˙
z2
+
ζ sD2Kζ
z2
]
, (66)
where we have defined
z
2 ≡ 2
sΘ2
9
√−g¯κ ˙¯ϕ2 . (67)
Our results agree with that obtained in [22], with the
difference that in this reference they have included the
spatial differential operators sD2K and
sD2γ in the defini-
tion of z2. The procedure of recasting the Lagrangian
in the first order form and then solving the constraints
was developed in Faddeev and Jackiw [14] (see also [15]).
This was already done in the context of perturbations
around a FLRW universe in [23] (see Appendix B.1).
As said above, in our calculation we have nowhere
used the background field equations to simplify the La-
grangian. All simplifications have been done by iden-
tifying terms proportional to the background equations
and redefining the perturbed variables. Note that this is
not equivalent to impose the validity of the background
equations. The only type of terms that we can eliminate
following this reasoning are those linearly proportional
to the background field equations. Any term having, for
instance, time derivative of perturbations cannot be dis-
carded with our procedure.
VI. CONCLUSIONS
Without using any background Einstein’s equation, we
were able to obtain the very simple second order Hamil-
tonian Eq. (62) describing the dynamics of linear cos-
mological perturbations on homogeneous and isotropic
geometries with generic spacelike hypersurfaces for the
case of a canonical scalar field with an arbitrary poten-
tial. This is a generalization of previous works. The
resulting Hamiltonian essentially coincides with the one
obtained in the literature if one assumes the validity of
the background Einstein’s equations.
This second order Hamiltonian, together with its ze-
roth order companion presented Eq. (64), can now be
used to investigate the evolution of scalar perturbations
of general canonical scalar fields in the situation where
the background is also quantized, an improvement over
the usual semi-classical approach to the inflationary sce-
nario. Then we can move to more involved subjects, like
obtaining the Hamiltonian describing the dynamics of lin-
ear perturbations in Bianchi models and of second order
perturbations in Friedmann models. These will be the
subjects of our future investigations.
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